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ON THE DIMENSION AND THE INDEX
OF THE SOLUTION SET OF NONLINEAR EQUATIONS

P. S. MILOJEVlC

Abstract. We study the covering dimension and the index of the solution

set to multiparameter nonlinear and semilinear operator equations involving

Fredholm maps of positive index. The classes of maps under consideration are

(pseudo) ^-proper and either approximation-essential or equivariant approxi-

mation-essential. Applications are given to semilinear elliptic BVP's.

Introduction

It is the purpose of this paper to study the covering dimension and the index
of the solution set of (equivariant) operator equations of the form

(1) H(k,x) = f      ((X,x)£DcRmxX,f£Y)

as well as of semilinear operator equations of the form

(2) Ax + N(k,x) = f       ((X,x)£DcRmxD(A)cRmxX, feY)

by developing various continuation principles involving 4-proper homotopies.
Here, X and Y are Banach spaces with a scheme T, = {X„, Y„, Qn}, TJ) c
Rm x X is an open subset, 4 : D(A) cl-tf is a linear Fredholm map of

index i(A) > 0, and N : D —> Y is a suitable nonlinear multiparameter map.
These continuation principles are extensions to the multiparameter case of the
earlier ones in [Mi-2-8].

The structure and the covering dimension of the branches of solutions to
these equations have been studied by many authors ([AA-1], [MP], [FMP-1,2])
and, when the parameter space is infinite dimensional, by [AA-2], [AMP] using

cohomology theories (in particular, Cech cohomology). Recently, a simpler
method, based on the notion of essential maps, has been used to study these
problems in [IMPV] and, for equivariant maps, in [IMV-1] by developing a
degree theory for such maps. For an excellent survey, see Ize [I].

Our study is based on the approximation-essential mapping approach as de-
veloped in [IMPV] and [Mi-7], and the basic dimension result of [IMV-1] for
G-equivariant maps for some compact Lie group and of [FMP-1]. The index
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results are based on a finite dimensional index theory. As applications of the ob-

tained results, we prove a number of dimension and index results for semilinear
equations of the form

(3) Ax + Nx = f       (xe D(A) ,f£Y)

where 4 is a Fredholm map of positive index and 4 + TV is ,4-proper. We

still get the solvability results if the involved maps are only pseudo 4-proper.

Applications are given to semilinear elliptic boundary value problems.

1. Continuation theory for equivariant 4-essential maps

Many problems in Applied Mathematics have symmetries. For example, the

constitutive equations of continuum mechanics must be independent of the

reference systems; rotations and translations cannot change the nature of the
problem. A change in the origin in time should not change the nature of the
equations in evolution problems (see [I] for more details). In this section we

shall develop some continuation theory for approximation-essential maps deal-

ing with the structure and covering dimension and with the index of the solution

set of nonlinear operator equations. We assume that the maps have some sym-

metry property; i.e. they are equivariant relative to some compact Lie group G.

Let GL(X) he the space of all linear continuous isomorphisms of X equipped

with the operator norm. Suppose that X is a Banach G-space or a representa-
tion of G; i.e., there is given a continuous homomorphism Tg : G —» GL(X).
We can (and will) assume that Tg : X -* X is an isometry for each g e G.

If G acts on Banach spaces X and Y via {Tg} and {Tg}, respectively, then

a map T : X -» Y is said to be G-equivariant if T(Tgx) = fg(Tx) for each
x e X and g £ G.

For a subgroup 77 of G, we denote by Fix.*-(77) = {x £ X\ T/,x = x for

each h e 77}. A subgroup Gx = {g £ G \ Tgx = x} is called the isotropy

subgroup of G at x. Define Xh = {x £ X | Gx = 77} and X(jj) = GXh =

{x £ X\ Gx = g~xHg for some g £ G}. If G is a finite group, we define

for any irreducible representation V c X the number p(V) as the greatest

common divisor of the numbers |G/77,|, where 77, ranges over all subgroups

such that VHi = {x £ V \ Gx = g^Hg for some g £ G} ^ 0. If Vx, ... , Vk
axe all irreducible representations contained in X, then p(X) is defined as the

greatest common divisor of the numbers p(V{). A subset Sci is said to be

G-invariant if GS c S. Let X/G be the orbit space of X relative to G.

A. Dimension results. Let {Xn} and {Y„} be finite dimensional subspaces

of Banach G-spaces X and Y, respectively, with dist(x, X„) -* 0 as n-»oc

for each x £ X and let Q„ : Y —> Y„ be a linear projection onto Yn with

S = sup ||g„ || < oo. Suppose that dimX„ - dim Y„ = i > 0 for each n and

some fixed i. We say that a scheme T, = {X„, Y„, Q„} for (X, Y) is G-
invariant if all Xn and Y„ axe G-invariant. Let T„ = Q„T.

Let U C X be an open, not necessarily bounded, subset and S he an arbi-
trary subset of X. To define the class of admissible (pseudo) 4-proper maps

on S n U, we recall ([IMPV], [IMV-1]).

Definition 1.1. Let Sci tea G-invariant subset. A map T : U —> Y is
said to be admissible w.r.t. a G-invariant T, on S n U if there is an open,
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bounded, and G-invariant set V0 such that r'(0)nSc Vq c Vq c U and

(r„)-'(0) nSc Vq n Xn for_all n. If T : U -» 7 and G = {*>}, then it is
admissible w.r.t. T, on 5 n *7 if 7"'(0)nSc Vq c £/ for some open and
bounded subset F0 and (T„)~x(0)nS c V0nXn for all n .

Definition 1.2. An admissible map T w.r.t. T, on 5Ti*7 (resp., Snt/) is said

to be Approximation-essential (A-essential for short) w.r.t. T, on SnU (resp.,

S n 17) if, for each n, Tn = QnT : U n X„ -+ Y„ is continuous, and for any

open, bounded, and G-invariant set V such that (T„)~x(0) nSc Fnl„ c

VnXncU nX„ (resp., (Tn)~x(0) nSc Fnl„c (7nl„),any continuous

G-equivariant extension Tn : V n X„ -* Yn of T„ \ d V n Xn —* Y„ has a zero in
SnKnI„.

Remark 1.1. If G = {e?}, U is bounded, and STlF is closed, then T :U ^ Y
is 4-essential w.r.t. r, on S nU if and onlyjf, for each n, the restriction
Tn\SndUnXn is essential with respect to SnUnX„ in the classical sense (cf.

Dugundji-Granas [DG]); i.e., any continuous extension fn : SnTJnXn —► Yn

has a zero in S nU n X„ . Hence, we see that in this case the 4-essentiality

w.r.t. T, on S nU reduces to the one introduced by the author ([Mi-7]).

Definition 1.3. A map T : U -* Y is (pseudo) A-proper w.r.t. T, on S n U

if whenever V is an open and bounded set with V c V c U and {x„k £

S nV n X„k} is such that Q„kTx„k - Q„kf -+ 0 for some f £ Y, then {x„k}
has a subsequence converging to x £ SnU (there is x € Sn U) with Tx = f.

If 7 : 1/ —> Y, then it is (pseudo) 4-proper w.r.t. T, on SnU if it has the
above property whenever V is open, bounded, and V c U.

Definition 1.4. A homotopy 77 : [0, 1] x U -» Y is admissible w.r.t. a G-
invariant T, on 5 n U if there is an open, bounded and G-invariant subset V0
such that for each t £ [0, I], H, = H(t, •), 77-'(0) C]S c V0 cV0 C U and

(&#,)-'(0) nS cV0nXn for all «. If 77 : [0^1] x tf -> 7, then it is clear
how to define its admissibility w.r.t. T, on SnU .

Note that the admissibility of 77, means that, for each t e [0, 1], 77, and

Gj„77, have no zero near the boundaries dU and dU nX„ .

Definition 1.5. A homotopy 77 : [0, 1] x U -* Y is A-proper w.r.t. T,
on S nU if QnHt : U n X„ —* Y„ is continuous for each t and n, and if

{x„t £ S nV n X„k}, with V open and bounded such that V c V c *7,

ffc € [0, 1] with tk -♦ r and Q„kH(tk, x„k) - Q„kf -> 0 as /: -► oo for some
f £Y, then a subsequence of {x„t} converges to x e Sn C7 and H(t, x) = /.

Similarly, we define the 4-properness of 77: [0, 1] x U -> Y.

The classes of 4-proper and pseudo 4-proper maps are very general and
we refer to [FMP-1, Mi-1-8, Pe-1-2] for many examples of such maps. We

note also that (pseudo) 4-proper maps w.r.t. T, with /' > 0 have been first

studied by the author in [Mi-4, 6] and, independently, by Fitzpatrick-Massabo-
Pejsachowicz (cf. [FMP-1]). For a recent survey of the (pseudo) 4-proper map-

ping theory, we refer to [Mi-9].
We have the following transversality result.
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Theorem 1.1. Let D be U or U and 77 : [0, 1] x D —> Y be an admissible
and A-proper homotopy w.r.t. T, on SnD. Then Hx is A-essential w.r.t. T,

on S n D if and only if Hq is such.

Proof. When U is bounded and SnU is closed, the theorem was proved by the
author [Mi-7]. Using similar arguments, it is easy to prove it in this generality
(cf. also [IMPV]).   □

Definition 1.6. A map T : U —► Y is said to be sectionally proper on a closed
(in X) subset C c U if and only if for any finite dimensional subspace Yn of

Y and any compact set K c Yn , the set T~X(K) is compact.

Recall that, if TC is a topological space and m is a positive integer, then K

is said to have covering dimension equal to m provided that m is the smallest
integer such that whenever y is a family of open subsets of K, whose union

covers TC, then there is a refinement, 3*1, of S' whose union also covers

K, and no subfamily of 9\ consisting of more than m + 1 members has

nonempty intersection. If K fails to have this refinement property for each

positive integer, then K is said to have infinite dimension. When x e K, then

K is said to have dimension (covering) at least m at x if each neighborhood
of x, in A, has dimension at least m. In the absence of a manifold structure

on K, the concept of dimension is the natural way to describe its size.

We need the following covering dimension result for G-equivariant 4-proper

homotopies of Ize-Massabo-Vignoli [IMV-1].

Theorem 1.2. Let S be closed in U and 77 : [0, 1] x U —* Y be a sectionally
proper on bounded and closed subsets of S n U admissible G-equivariant A-
proper homotopy w.r.t. G-invariant scheme T, = {A x Rm x X„, Yn x Rk, Qn}

on SnU. Let 770 be A-essential w.r.t. T, on SnU. Then there exists an
invariant set IcSfl[/ which is minimal, closed (in U), and

(a) 77i is A-essential w.r.t. T, on X n U = X and so 77,_I (0) nl^0.
(b) 7/ X = Xi L)X2, where Xi and X2 are proper, closed, and invariant subsets

with Zi n X2 = 0. then either Xi = 0 or Z2 = 0. This is equivalent to saying

that X/G is connected. If G is connected, then so is X.

(c) If Fixy(G) ^ {0}, then X is either unbounded or X n dU # 0. Assume
that Y = Fixv(G) ® Y2, where Y2 is such that Fixy2(G) = {0}, and decompose

Hx as Hx = (hi, h2), where hx : U -» Yx = Fixy(G) and h2:U -*Y2. Then

there exists an invariant minimal subset X contained in /?^'(0) n X such that

(i) hx is A-essential and invariant on X n U w.r.t. Ym and, in particular, X

is either unbounded, or cl(X) ndU / 0 (provided Fixy(G) ^ {0}).

(ii) If X/G = Xi U X2 with ~LX, X2 closed and proper subsets of X/G, then

dim(Xi nX2 nX„) > dim Fixv„(G) - 1 for infinitely many n. In particular, X/G

is connected and has infinite dimension at each point.

When G = {e} , then every map is G-equivariant. Hence, as a particular case
of Theorem 1.2 we have the covering dimension result for 4-proper homotopies
due to Ize-Massabo-Pejsachowicz-Vignoli [IMPV] and to Fitzpatrick-Massabo-

Pejsachowicz [FMP-1] in a less general form.
The following continuation theorem gives some conditions on 77 when The-

orem 1.2 can be applied .
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Theorem 1.3. Let U be an open subset of X, S be closed in U, and 77 :
[0, 1] x U -* Y be a sectionally proper on bounded and closed subsets of SnU

A-proper homotopy w.r.t. T, on SnU. Suppose that there is an open and

bounded subset D of X such that
(i) H(t, x) ± f for xedDnS, te[0, 1].
(ii) H(0,x)^tf for xedDnS, te[0, 1].
(iii) 77o is A-essential w.r.t. T, on S n U.

Then the conclusions of Theorem 1.2 hold for Hx - f with G = {e}.

Proof. Since 77, is sectionally proper on closed and bounded subsets of SnU

and 77,-1(/)nSn7J> is such a set, then 77r_1(/)nSn7) is a compact set contained
in D by (ii) for each t e [0, 1]. Hence, for each t e [0, 1], there is an open

and bounded subset Vt of X such that H~x(f) n S c Vt c F, c D. Define

V = U,e[o; i] Vt • Then V is open and bounded and 77,_1(/) nScKcfJ for

each t e [0, 1]; i.e., 77, is admissible on S n D.
Next, set Ft = Ht - f. Then Ft~x(0) = Ht~x(f) and Ft is admissible on

S n D. Since 77, is an 4-proper homotopy, then arguing by contradiction and
using the admissibility of 77, we get that Ft is admissible w.r.t. T, on S n D.

Next, set Gt = H0-tf. Then, (ii) implies that Gf '(0) nS = H0'[(tf)nS is
compact and contained in D for each t e [0, 1]. Hence, there is an open and

bounded set Wt such that G,_1(0)nSc*f(cF(c77. Then W = IJ,e[0,u Wt
is open and bounded and, as above, we get that G, is admissible w.r.t. T, on
SnD.

Finally, set Wq = V U W. Then Wq is open and bounded with _Wq c D
and G, is an admissible and 4-proper homotopy w.r.t. T, on SnD. Since

Go = 77o is 4-essential w.r.t. T, on SnD, so is Gi= Fq. Hence, since Ft is
also an admissible and 4-proper homotopy wxt. T, on SnD, it follows that

F\ = 77i - / is 4-essential w.r.t. T, on SnD. Therefore, the conclusions of
the theorem follow from Theorem 1.2 with G = {e} .   O

When T7i is just pseudo 4-proper, we can still get the solvability of 77(1, x)
= /. Let V c X_he a dense subspace, D c Rm x X be an open subset. We say

that 77: [0, l]xZJ>n(7?mxF) —► Y is an w-parameter 4-proper homotopy w.r.t.

Tm = {RmxX„, Yn, Qn} for (RmxX, Y) if whenever {(X„k, x„k) | (X„k, x„J €

D n Rm x X„k} is bounded and tk £ [0, 1] such that k„k —► X and tk —* t and

Q„kH(tk, knk, xnk) -* /, then a subsequence x„k{i) -> x and H(t, k,x) = f.

Theorem 1.4. Let D c Rm x X be open and bounded, feY, and 77 : [0, 1] x
D n (Rm xK)-»7 be an A-proper homotopy on [0, e] x 3D n (Rm x V) w.r.t.

Ym = {Rm xXn,Yn, Qn} for each s e (0, 1). Let 77(1, •, •) bepseudo_A-

proper w.r.t. Ym, H(t, X, x) be continuous at 1 uniformly at (X, x) e D n
(7?m x V), and

(i)H(t,X,x)^f for (X,x)edDn(Rmx V), te[0, 1).
(ii) H(0,X,x)^tf for (X, x) e dDn (Rm x V), te[0, 1].
(iii) 77o is A-essential w.r.t. Ym on D.

Then the equation 77(1, X, x) = / is solvable.

Proof. Set 77, = 77(t; ,•,•)• Arguing by contradiction, it is easy to see that the
4-properness of 77o and (ii) imply that there is an nx > 1 such that

(4)     QnH(0,X,x)^tQnf   forxedDn(Rmx V), te[0, 1], n>nx.

Hence, Hq- f is 4-essential on D.
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Now, let e e (0, 1) be fixed. Then, arguing again by contradiction, we see

that the 4-properness of 77 on [0, e] x dD n (7?m x V) and (i) imply that there

is an n2 = n2(e) > nx such that for each n > n2

(5)       QnH(t,X,x)?Qnf   for(X,x)edDn(RmxXn),  te[0,e],

with nx(ex) > n2(e2) whenever ex > e2. Using this and the homotopy F„ :

[0, l]xD~n(RmxXn)^ y„,given_by F„(t, X, x) = QnH(zt, X, x)-Q„f, we

get that He- f is 4-essential on D. Therefore, for each such n> n2 there is

an (X„,xn)£Dn (Rm x Xn) such that e„T7„(e, Xn, x„) = Qnf.

Next, let ek £ (0, 1) be increasing and e^ —> 1 and (X„k,x„k) £ D n

(Rm x X„k) be such that Q„kHnk(ek, X„k, xnk) = QnJ for k > 1. By the con-

tinuity of 77, at 1 uniformly for (X, x), we get that QnkH(\, X„k, x„k) -> /,
and 77(1, X, x) = f for some (X, x) by the pseudo 4-properness of Hx.   O

Next, we prove an extension of the first Fredholm theorem to nonlinear

pseudo 4-proper maps. We say that a map A : V c X -+ Y is a-positively
homogeneous if A(tx) = taA(x) for all x e V, t > 0, and some a > 0.

Theorem 1.5. Let V be a dense subspace of X and A: V —> Y be a positively

a-homogeneous for some a > 0 and A-essential A-proper map w.r.t. T, =

{X„ , Yn, Qn} on V. Suppose that Ax = 0 implies x = 0 and N : X —> 7 is
quasibounded; i.e.,

|7V| = limsup ||7Vx||/||x||a < oo
Hxll-oo

and \N\ is sufficiently small. Then, if A + N is pseudo A-proper w.r.t. Yit the

equation Ax + Nx = f is solvable for each f £ Y.

Proof. By Lemma 2.1 in [Mi-1] there is a c > 0 and an «0 > 1 such that

||Qn4x|| > c||x||a for each x e Xn and n > n0. Let H/(t, x) = Ax + tNx - tf

for each f £ X. Then, arguing by contradiction, it is easy to show that there

exists an r/ > 0 such that QnHf(t, x) ^ 0 for all x € 977(0, rf)nXn, t £
[0, 1], and n > no. Since 77^(0, •) = 4 is 4-essential, by Theorem 1.1

77/( 1, •) is 4-essential w.r.t. T, on S D U. Hence, there is an x„ £ S n U n Xn

such that QnH(l, x„) = 0 for each n > no- Since Hf(\, •) is pseudo A-

proper, there is an x e S n U such that 4x + TVx = /.   □

Special cases. Now, we shall derive several special cases of the above results
using either the G-degree, or complementing maps or the homotopy degree. The

G-degree has been defined, studied, and applied by many authors for various
groups G (Dancer, Ize, Massabo, Vignoli, Geba and others, see [IMV-1,2], [IV],

[GKW] and [I] for references). The G-degree has been developed in [IMV-1,2]

for general G and is used below.

We have the following continuation result.

Theorem 1.6. (a) Let D be an open bounded G-invariant subset of Ax Rm x X

and H : D -* Y x Rk be a G-equivariant and A-proper homotopy w.r.t. a

G-invariant scheme T, = {A x Rm x Xn, Yn x Rk, Qn}. Suppose that

for some X0 £ FixA(G), QnH(X0,x) ^ 0 on dDko n (A x Rm x X„) =
d{(X0,x)eD}n(AxRmx Xn) and degG(QnHXo, DXon(Ax Rm x Xn), 0) ± 0
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for all large n . Assume that the G-equivariant Freudenthal suspension theorem

applies and that A = FixA(G) ® Ax with dimFixA(G) > 0. Then there exists
a "continuum" C of solutions of the equation H(X, x) = 0 with X e FixA(G),

such that C D dD ^ 0 and C/G is connected and has dimension at each point

at least dimFixA(G).
(b) [IMPV] let V be a dense subspace of X,_BX(0, Rx) c Rm, B2(0, R2) c

X be open balls, and let 77 : [0, 1] x Bx x (B2 n V) -> Y be an A-proper
homotopy w.r.t. Ym = {Rm x X„, Y„, Qn} with Xn c X and such that each 77,

is sectionally proper on bounded and closed sets. Suppose that Q„Hq(Q, x) ^ 0

on dB2 and the mth suspension of Q„Hq \ dB2 n Xn is nontrivial for each large

n and for D = Bx x B2, conditions (i)—(ii) of Theorem 1.4 hold.

Then there is a minimal connected subset X of S = Hl~x(f) that has dimen-
sion at least m at each point.

Proof, (a) Define the map F(X, x) = (H(X, x), X-Xq) and note that QnF(X, x)
^ 0 on dD. Hence,

degG(QnF,Dn(AxRmxXn),0)

= Xc degG((2n77Ao, D^ n (A x Rm x Xn), 0) ± 0.

Thus, the map Q„F is G-epion D and then the map X-Xq is G-epi on the set

of zeros of the equation H(X, x) = 0 with X £ FixA(G) (cf. [IMV-1]). Now,
the conclusions follow from Theorem 1.2 since the notion of a G-epi map is

more general than that of the G-degree ([IMV-2]).   □

Let V be a dense subspace of X and D_c Rm x X be open and bounded.
Recall that [FMP-1] a continuous map C : D —> Rm is called a complement of

T : D n (Rm x V) -» Y provided that deg(Q„(T, C),DnXn,0)^0 for all
large n , where (T, C)(X, v) = (T(X, v), C(X, v)) £ Y®Rm is 4-proper w.r.t.

Y={RmxVn,Ynx Rm,Q„} with Qn(y, X) = (Qny, X) and V„ = Xn n V.
When D is unbounded but (T, C)~x(0) is bounded, we define

deg(Gn(7\ C), DnX„, 0) - deg(4(7\ C),UnXn,0),

where U is any bounded neighborhood of (T, C)~x(0) in D.

If TZq is a complementing map, then it is 4-essential and Theorem 1.3 holds

for such homotopies.
Next, when 77i is just pseudo 4-proper, we can still establish the solvability

of 77(1, A, x) = /.

Theorem 1.7. Let V be a dense subspace of X, D c Rm x X be open and

bounded, f £ Y, and 77 : [0, 1] x D n (Rm x V) -> Y. Suppose that 77 is an
A-proper homotopy on [0, e] x dD n (7?m x V) w.r.t. Ym = {Rm x Xn , Yn, Qn}

for each £ € (0, 1), 77(1, •,•) is pseudo A-proper w.r.t. Ym; 77(7, A, x) is
continuous at 1 uniformly for (X, x) £ D n (7?m x V). Let conditions (i)—(ii) of
Theorem 1.4 hold as does either one_of the following conditions:

(iii) 770 is complemented by C : D —► Rm .
(iv) 77 is G-equivariant, Ym is G-invariant, and

degG(QnH0,Dn(RmxXn),0)*0.
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(v) D = 77(0, 7?) and Q„HQ : dB(0, R) n (Rm x Xn) -» Y"„\{0} has the
nontrivial stable homotopy for all large n.

Then the equation 77(1, X, x) = f is solvable in Rm x V.

Proof. In either case we have that 770 is 4-essential w.r.t. Ym and Theorem

1.4 applies.   D

Our next result is the following continuation theorem for pseudo 4-proper
G-equivariant maps with G satisfying

(G) G is either finite with p(X) > 1 or is an infinite compact Lie group

such that Fix(TC) = 0 for some subtorus TC of G.

Theorem 1.8. Let Rm x X be a Banach G-space, Rm be G-invariant, Yq =

{X„, P„} be a G-invariant schemefor X, and condition (G) hold on Rm x X.

(a)Ifm = OandH:[0,l]xBr-+X, then 77(1, x) = 0 is solvable if
(i) Hx =77(1, •) is pseudo A-proper at 0 w.r.t. Y;

(ii) P„77(^ x) ^ 0 for all x£dBrnXn, t £ [0, 1], n > n0 > 1;
(iii) 77o : Br -* X is G-equivariant.
(b) If m > 0, T : Rm x X —> X is G-equivariant and pseudo A-proper at 0

w.r.t. Ym = {Rm x Xn , Xn , Pn}, then the equation T(X, x) = 0 is solvable. If

T is also A-proper at 0 w.r.t. Ym, then

Zr = {(A,x)|||(A,x)|| = r,  T(X,x) = O}^0

for each r > 0.

Proof, (a) Let G be finite and fix n > no. Since P„Hq : Br n Xn —* Xn is

G-equivariant and P„Hq(x) ^ 0 for x £ dBr n Xn , we know that [I]

deg(7>„Z7,, Br n Xn, 0) = deg(PnH0 ,BrnXn,0) = l+ k\G\.

If G is infinite, since X„ c. X, we have that

Fix(TC) nl„ = 0,     and    deg(P„Hx, Br nXn, 0) = 1

for each n > no . Hence, there is an x e 77r n Xn such that P„T7i (x„) = 0. By

the pseudo 4-propemess of 77i, the equation 77(1, x) = 0 is solvable in 77r.

(b) Let r > 0 be fixed and suppose that for some n, P„T : dBr n (7?m x

X„) -» Xn\{0}. Let Tn : dBx n (Rm x Xn) -» dBx n Xn he given by T„(x) =
P„T(rx)/\\P„T(rx)\\ and /„ : 977] n 7?m -> f377i n (7?m ® Xn) be the natural

inclusion. Then Tn, i„ , and fn = inTn ■ dBx n (7?m x X„) -* dBx n (Rm x Xn)

are G-equivariant maps, and deg(7„) ^ 0. But, since T„ factors through

dBi n Rm c dBx n (Rm ® Xn) and Rm £ 0, we have that deg(f„) = 0. This
contradiction shows that {x e dBr n (Tm x X„) \ P„Tx = 0} ^ 0 for each « .

Then the conclusions follow from the (pseudo) 4-properness of T.   D

Now, regarding the schemes used above, the following result is useful.

Proposition 1.1. If X is a Banach G-space and separable (nk-space, respec-

tively), then there are finite dimensional G-invariant subspaces X„ of X (with
Xi C Xi C •••, respectively) such that dist(x, X„) —> 0 as n —* oo for each

X£X.

Proof. Let Un be a sequence of finite dimensional subspaces of X such that
dist(x, U„) —» 0 as n —► oo for each x e X. Define the linear subspaces of
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X by Xn = GU„ = {Tgx\x eUn,g e G). If S(U„) is the unit sphere in
Un , then S(X„) = GS(Un) is the unit sphere in X„ since G acts by isometries
on X. Since S(X„) is a compact subset of Xn as a continuous image of the

compact set GxS(U„), it follows that X„ is finite dimensional. Moreover, each

X„ is G-invariant and dist(x, X„) —> 0 as n -> oo for each xel since each
Tg : X -> X is an isometry. Finally, if Ux c U2 C • • • , then Xj C Xi C • • • .   □

B. On the index of the solution set. Our next step is to connect a given repre-

sentation of G on X with an index theory and then estimate the index of the

solution set ZT from below. Moreover, for some concrete index theories one
can then estimate the covering dimension of Zr from below.

By an index theory 7 on a Banach space X we mean a triplet {X, M, /'},

where X is a family of closed subsets of X such that 4UT7, 4nZ7, and A\B e X
for all 4, B £ X, M is a set of continuous maps containing the identity and

is closed under composition with T(A) e X for each 4 e X and each T e M,
and i':X->/Vu{+oo} is a map having suitable properties ([FR, Be-1]). Let

{Tg} be a representation of G on X and define X(7?) = {4 c X \ A is closed
and G-invariant} and M(Tg) = {h e C(X, X)\h is G-equivariant}. An index
theory {X, M, i} is related to the representation of G on X if X = Z(Tg) and

M = M(Tg). It is said to have the ^-dimension property if there is a positive

integer d such that i(XdkndU) = k for all rffc-dimensional subspaces X^k € £
such that Xdk n Fix(G) = 0 and all closed bounded neighborhoods U e X of
zero.

In the literature there are many index theories and we mention only the index
theory induced by the genus function of Krasnoselskii ([K], [R-l]), the indices

in [FR], [Be-1,2], [FHR], [FH], [M-2], [B-l], [LW], etc. (see the references in
these works). Let [r] denote the biggest integer n < r.

We need the following finite dimensional result.

Theorem 1.9. Let X„ be a finite dimensional Banach G-space, Xk its proper

G-invariant subspace, Fix(G) = 0, and {X, M, i} an index theory related to

the G representation on Xn and such that i(K) < oo whenever K G X is

compact. Suppose that Q. is a bounded closed neighborhood of 0 in Xn , d£l is

G-invariant, and f: Q —► Xk is continuous and G-equivariant on d£l. Then, if
Z = {x£d£l\f(x) = 0}, i(Z)> i(dQ) - i(Sx), where Sl =dB(0, l)cXk.

Theorem 1.10. (a) Let X be a Banach G-space, T : X —> X be G-equivariant
and pseudo A-proper at 0 w.r.t. a G-invariant scheme Ym = {Xm = X0 ®

Vn,Vn,Q„} for X with dimX0 = m > 0 and condition (G) hold. Then the
equation Tx = 0 is solvable and, if T is also A-proper at 0 w.r.t. Ym, Zr =

{x £dBr\Tx = O}^0 for each r>0.
(b) Let X and Y be Banach G-spaces, Fix(G) = 0 in X, TC : X -» Y be

a linear G-equivariant homeomorphism, and let {X, M, i} be an index theory
related to the G-representation on X and having the d-dimension property. Sup-

pose that Q e X is a bounded closed neighborhood of 0 in X and T : d£l—> Y
is G-equivariant and A-proper at 0 w.r.t. a G-invariant scheme Y= {X„, Yn =

K(Xn-m), Qn} for (X, Y) with m > 0. Then, if Z = {x e dCl\ Tx = 0},
i(Z)>[m/d].
Proof. Part (a) follows from Theorem 1.8. Let n > 1 be fixed and Q„ = QnXn .

Then dClnX„ is G-invariant and Q„T : dd C X —► Yn  is G-equivariant.
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Indeed, let x £ dCl and g £ G he fixed and yk £ Yk be such that yk —* 7x
in Y. Then

QnT(Tgx) = Q„Tg f limy*J = ̂ QnTg(yk) = TgQ„Tx.

Moreover, K~XQ„T : dCln —> X„-m is G-equivariant since such is TC-1; i.e.,
K-x(Tgy) = Tg(K~xy) for each yeY,geG.

Let Zn = {x£ <9Q„ | K~xQnTx = 0} . By Theorem 1.9 we have that i(Zn) >
i(dan) - i(S"-m) > [r(n)/d] - [r(n) - m/d]+ = [m/d], where r(n) = dimX„ ,

since [r(n)/d] < k for some k with r(n) = dk + I and / e [0, d) and

[(r(n) - m)/d]+ > kx for some kx with r(n) - m = dkx + lx and lx £ [0, d).

Next, since T is continuous and 4-proper at 0 w.r.t. a projectionally com-
plete scheme, it follows that T is proper on bounded and closed subsets of X,

and consequently Z is compact in X. Hence, i(Z) < oo and, for some

^-neighborhood of Z, i(Ng(Z)) = i(Z). Moreover, there is an «o > 1

such that Z„ c Ng(Z) for each « > «o- If not, then there would exist

x„k £ Z„k\Ng(Z) such that for each k > 1, Q„kTx„k = 0 and some subse-
quence xnm —► x G dQ by the 4-properness of T at 0 with 7x = 0. But,

x € dQ.\Ns(Z) since dQ n X„\NS(Z) c dQ\Ns(Z) for each n, in contradic-
tion to x e Z . Hence, such an «o > 1 exists, and for n > no, i(Z) > i(Zn) >

[r(n)/d]-[r(n)-m/d]+ = [m/d].   O

Now, let us look at some special cases. Let G = Z2 = {1, -1} and let its

representation on a real Banach space X be given by: Txx = x and 71 ix = -x

for all x e X. If A £ X(7?) = {closed subsets of X symmetric with respect
to 0}, we define the genus of A , y(A) = k, if k is the smallest integer such

that there exists a continuous odd map <j> : A —► 7?fc\0. If such a map does
not exist we set y(A) = oo and set also y(0) = 0. Then it is well known that

{Z(Tg), M(Tg), y} is an index theory which possesses the dimension property

with d = 1 (cf. [K, R-l]) and dim(4) > y(A) - 1. In this case Theorem
1.10 was obtained by the author [Mi-5] and extends an earlier result of Holm

and Spanier [HS] and Rabinowitz [R-2] for compact perturbations of Fredholm

maps of positive index.

Next, consider the multiplicative group of complex numbers G = Sx = {z £

C\\z\ = 1} and a unitary representation {Tz} of this group on a real Hilbert

space. For simplicity, we shall write Ts instead of Tz if z — e's, s £[0, 2n).

If A £ X(7i) = { closed Tj-invariant subsets of 77} , we set (Fadell-Rabinowitz

[FR], Benci [Be-1]) t(4) = k if k is the smallest integer for which there

exist a positive integer n and a continuous map 4> : A —> Cfc\{0} such that

<f>(Tsx) = e'ns<f)(x) for all x € 4 and se[0, 2n). If such a map does not

exist, we set t(4) = +oo and set also t(0) = 0. If Xk is an invariant subspace

of 77 with Xk n Fix(S') = 0, one can show that its dimension is even and
([FR], [Be-1]) that [L(TS), M(TS), x} is an index theory having the dimension

property with d = 2.
Finally, consider a normed linear space X over T^ = 7? or C or the quater-

nions 77, and let G be the unit sphere in F. Let G act freely on X* = Ar\{0} ;

i.e., Fix(G) = {0}. For 4 e Z(Tg) = {closed G-invariant subsets of X,},

we let Indf (A) be the Fadell-Rabinowitz index of 4 [FR, p. 148]. Then
[L(Tg), M(Tg), Indf} is an index theory such that Indf(4)dimF < dim4
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for each 4 e 2,(Tg) and, if X = Fn, the Euclidean «-space over F and

U £ I.(Tg) is a bounded neighborhood of 0 in X, then IndfdU = n (see
[FR]). Thus, their index satisfies the dimension property in X over F with

d = 1. For other examples, see [FHR], [FH], [M-2], [B-l], [LW].

Remark 1.2. The above results can be used to study the index of the solution

set of the ^-parameter eigenvalue problem with symmetries Ax + N(X, x) = 0

where A: X -* Y is a Fredholm map with i(A) > 0 and N : Rk x X —► Y is

a nonlinear G-equivariant map (cf. [Mi-6] for details).

2. Applications

A. Nonlinear perturbations of Fredholm maps of nonnegative index. Through-

out this section we assume that A : D(A) c X -> Y is a Fredholm map of

nonnegative index, Xo = ker4, Y = R(A), and X and Yq axe closed sub-

spaces of X and Y, respectively, such that X = Xq®X and Y = Yq ® Y and

i(A) = dimXo - dim Yq = m. Let Ym = {X„, Y„, Q„} be a projection scheme

for (X, Y) with X0 c X„, Q„(Y) c Y, and dimx"n - dim7„ = m for each
n . Decompose Xq as Xq = W ® Z with dim W = m and dim Z = dim Yq .
Let Yq c Yn, QnAx = Ax for x £ Xn, and Q„y -* y for each y £ Y.
Let P : X —* Xq and Q : Y —> Yq he linear projections onto Xo and Y0 re-
spectively. For each x e X, we have the unique decomposition x = Xo + xx,

xQeX0, xi eX. Set V = Z®X, X= W®V,and V„ = X„nV.
If we try to establish continuation results of the type discussed in Section 1,

we find that deg(QN,7JnI0,0) = 0 since QN:DnX0^> Y0 and dimY0 <
dim Xq . To overcome this difficulty, we shall present now, in the context of

4-proper maps, the 4-essential mapping approach of the study of semilinear

equations as developed by the author [Mi-4-6]. In particular, we shall apply

it to complementing and G-equivariant maps. For compact nonlinearities, we

refer to Nirenberg [Ni-1], Berger [Be], [MR].
Now, we shall apply Theorem 1.3 to homotopies of the form H(t,x) =

Ax + F(t, x), where 4 : D(A) c X -* Y is as above. Let D be an open and
bounded subset of X.

Theorem 2.1. Let A : D(A) c X — Y be Fredholm of index i(A) = m > 0,
and F : [0, 1] x X —» Y be nonlinear such that H(t, x) = Ax + F(t, x)

is a sectionally proper A-proper homotopy on [0, 1] x (D n D(A)) w.r.t. Ym =

{Xn = W ® Vn, Yn, Q„}. Suppose that
' (i)A(x) + FjJ,x)^f for xedDnD(A), te[0, 1),

(H)F(0,.)(D)cYq,
(iii) 7^(0, x)^tfo for xedDnXo, te[0, 1],

and either one of the following conditions holds:
(iv) m = 0 and deg(F(0, •), DnX0,0) ^0.
(v) m = 0, Xq and Yq are G-spaces, F(0, •): dD n Xo —► Yq is continuous

and G-equivariant with G satisfying condition (G) in Xq .

(vi) m > 0, (i)-(iii) hold with D0 = U n (Z x X) for some open U c X
such that the set {(t,x)e[0, 1] x (D0 n D(A)) | Ax + F(t, x) = /} is relatively
compact and deg_CF(0, •), D0 n Z, 0) # 0.

(vii) m > 0, D = {x = x0 + Xi\ ||x0|| < r, \\x{\\ < R} for some r, R>0,
and F(0, •): dB(0, r) n X0 -» T0\{0} has nontrivial stable homotopy.
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Then the equation Ax + F(l, x) — f is approximation-solvable in D n D(A)
when m = 0. If m > 0, then there exists a connected subset C of S = {x e
D(A)\Ax + F(l, x) = /} whose dimension is at least m at each point and
either C is unbounded or C n dD ^ 0. Moreover, if D = X and if {x„} c S
is bounded whenever {Pwxn} is bounded, where Pw : X = W ®V —> W is the

projection onto W, then C covers W in the sense that PW(C) = W.

Proof. It is clear that conditions (ii) and (iii) imply condition (ii) of Theorem
1.3 for 77, = 4 + Ft. It remains only to check condition (iii) of this theorem.

Since X0 c X„ and Y0 c Y„ , we have that QnH(0, •) = A+F(0,j) on DnXn .

Define F„(t, x) = Ax + F(0, xo + txx) for t e [0, 1] and x e D n X„ , where

x = Xn+Xi with xo eX0, Xi e X. Since {x eZ)nZ)(4)|4x + 7r(0, x) = 0} =
{x = xo | xo 0 dDnXo} by (ii)—(iii), it follows that Fn(t, x) # 0 for t e [0, 1],
x edDnX„ and therefore

deg(4 + F(0, ■), D n Xn , 0) = deg(4 + F(0, P-), D n Xn, 0).

Next, we have the decomposition X„ = X0 x Xx„ , with XXn = X„ n X, and let

Lo : T0 —» Xq be a linear homeomorphism. Then L = (4_1, Lo) : YXn xfj-t
Xi„ x Xo is a linear homeomorphism and LFn,o(xo, xj) = (xi, LqF(0, Xo)).

Hence, by the properties of Brouwer's degree we get

deg(LF„,0,Z)n(XlnxXo),0)

= deg(L, L-x(Dn(Xu x Xq)), 0)deg(Fn,q, Dn (X0 x XXn),0).

Hence, if (iv) holds, then

deg(^ + F(0, P.),DnXn,0) = ±deg(LFn,0, Dn(X0 xXin), 0)

= ±deg(7-(0,.),^nX0,0)^0.

If (v) holds, then it implies (iv) by the generalized Borsuk theorem [N-2]. Hence,

condition (iii) of Theorem 1.3 is satisfied.
Let (vi) hold. By [FMP-1], we only need to show that 77(1, •) = A+F(\, •)-

/ : Do n D(A) cWxV-^Yis complemented hy Pw : X = W x V -* W
given by P(w, v) = w. By Proposition 3.1 in [FMP-1], this will be so if
deg(Q„H(l, •), D0 n V„, 0) ^ 0 for all large n . We have that

deg(Q„H(l ,-),D0nV„,0) = deg(4 + QnF(0,-),D0nVn, 0).

As above, we get, if Po: X ^ Z is a linear projection onto Z , then

deg(4 + F(0, •), Do n Vn , 0) = deg(4 + F(Q, TV), D0 n F„ , 0) ^ 0.

Let (vii) hold. Write Xq = Rk x Z with dim Z = dim Y0 . By (ii)-(iii) we have
that 77(0, x) # tf for all xedDn D(A), t e [0, 1]. As above, we have that
QnHo = A + Fq is homotopic to 4 + F0P on D n X„ for each large n with
4 + 7*0^ :dDnX„-^ Yn\{0} . As in the_proof of Theorem 3.1 in [Mi-5], using

(vii) we get the last map is essential on DnX„ . Hence, TZq is 4-essential w.r.t.

Tm on D and Theorem 1.3 applies.   □

Corollary 2.1 [Mi-3,4,5,8]. Let A + N : DnD(A) c X -» Y be sectionally proper

and A-proper w.r.t. Y with N bounded and nonlinear. Let f = fo + fi e Yq®Y

and
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(i) 4(x) + tNx ? f and either Ax # f or QNx # f0 for xedDn D(A),
;e[0,l).

(ii) QNx ^ tf0 for xedDnXo, te [0, 1].
(a) Let m = 0 and either deg(QN, D n Xq,0) ^ 0, or Xq and To we

G-spaces and QN : dD n Xq -> To is continuous and G-equivariant. Then (3)
is approximation solvable.

(h) Let i(A) = m>0 and QN : 977(0, r) n X0 -► T0\{0} have a nontrivial
stable homotopy. Then there is a minimal connected subset X of (4 + N)~x(f)
whose dimension is at least m at each point.

When A + Fi is pseudo 4-proper, we have

Theorem 2.2. Let A : D(A) c X — Y be Fredholm with i(A) = 0, F : [0, 1] x
X -+ Y be nonlinear, QnHt = A + Q„Ft be continuous on Dn D(A) n Xn for

t e [0, 1], n>n0, and Hx : D n D(A) c X -* Y be pseudo A-proper w.r.t. Yq

with XoCXn, Yq c Yn, and Q„(Y) c Y. Assume
(i)A(x)_ + QnF(t,x)^tQnfforxedDnXn, te[0, 1), n>n0.
(ii)F0(DnX0)cy0

and either one of the following conditions holds:
(iii) deg(F0,DnX0, 0)^0.
(iv) Xo and Yq are G-spaces, Fq : dD n Xo -» lo is continuous and G-

equivariant for some group G satisfying condition (G) in Xq.

Then the equation Ax + F(l, x) = f is solvable in D n D(A).

Proof. As in the proof of Theorem 2.1, we have in either case that

deg(4 + F(0, •), DnX„ , 0) = deg(4 + F(0, P.),DnX„,0)?0

for n > no . Hence, for each n > no, deg(A + QnF(l, •), DnX„, Q„f) ^ 0
and the conclusion follows from the pseudo 4-properness of 4 + F(l, •).   □

B. k-parameter semilinear equations. Let 4 : X —> Y be a linear Fredholm

map, 7V:Dc7vfcxX—>7a nonlinear map, and m = i(A) + k > 0 with

k > 0. In this section we shall study the solvability and the covering dimension
of the solution set of the A>parameter equations (2).

As before, we have the direct sums X = Xo 0 X and Y = Yo ®Y with

Xo = ker4 and Y = R(A). Define Ak : Rk x X — Y by Ak(X, x) = Ax.
Then (2) is equivalent to the equation

(6) Ak(X,x) + N(X,x) = f.

Decompose Xo = W ® Z with dim Z = dim Y0, Z c X0 and set V =

Z ® X. Let To = {V„,Y„,Qn} be an admissible scheme for (V,Y) and
Ym = {Rk®W®V„,Yn,Q„}, m = dim W + k. Let Q:Y-^Y0 be a linear

projection onto Y0, and for (X, x) = (X, xq + xx) e Rk ® (X0 ® X), we define

||(A, x)||i =max{||A + x0||, ||xi||}. Let S = sup \\Q„\\. Suppose that
(7) For some fo e Yo there are constants M > 0, TC > 0, and p > 0 such

that for ||xi \\<r, r>K, \\z\\ >rM + p, zeZ ,

QN(z + xi) ? tf0.

(8) S = (I - Q)N :RkxX — y is quasibounded, i.e.,

,e, r I|5(A,X)||5=   lim sup       v  '     " < oo
||(A,x)||i-oo   III/, *)lll
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and <$|S|max{l, M} < c, where ||0j„4xi|| > c\\xx\\ for xi € X.

Theorem 2.3. Let m = i(A) + k > 0, N : Rk x X -> Y be a nonlinear map,

and Ym = {Rk ® W ® V„ , Yn, Qn} be a scheme for (Rk x X, Y) with Z c V„,

Y0 c Yn , and Q„(Y) c Y for n > 1. Suppose that (7)-(8) hold and
(9) For r > K sufficiently large and Dq = {z e Z|||z|| < rM + p},

deg(QN,D0,0)?0.
(a) If 4 + N is pseudo A-proper w.r.t. Ym and m > 0, then (2) is solvable

for each f e fo ® Y.
(b) If A + N is sectionally proper and A-proper w.r.t. Ym and m > 0,

then for each f e fo ® Y there exists an unbounded connected closed subset
C c {(X, x) e Rk x X\Ax + N(X, x) = f} whose dimensional is at least m at
each point and intersects W.

(c)Let m = 0, A+N be pseudo A-proper w.r.t. Ym and, instead of (9), let Xq

and Yq be G-spaces and for r > K sufficiently large, QN: dB(0, rM+p)nX0 —>
Yo be continuous and G-equivariant for some G satisfying condition (G) in Xo .

Then (3) is solvable for each f e f0®Y.

Proof. Let f e fo + Y he fixed and Nfx = Nx - f. We shall show that
deg(Q„(4 + Nf)\V„ , V„, 0) ^ 0 for all large n . Arguing by contradiction and
using arguments similar to [Mi-2], we get that there is an ro large and «o > 1

such that whenever Q„Ax + tQ„(I - Q)Nx = tQnfx for some t e [0,1],

x = z + xx e Xn , n>no, with ||z|| < rM + p and ||xi || = r for some r then

r<r0. Define 77: [0, l]x V -» Y by H(t, v) = Av + t(I-Q)Nv + QN(z+txx)
and let P: V -> Z be a linear projection onto Z . For r > r0 , set D = {v =

z + xilllxill < r, \\z\\ < rM + p, z e Z}. Then Q„H(t,v) ± tQ„f for
v £ DnVn, t e [0, 1], and n > n0, and deg(Qn(A + Nf)\Vn, V„, 0) =
deg«2„(4 + NP)\V„, V„, 0) ^ 0 for n > n0. Thus, by Proposition 3.1 in
[FMP-1], T = A + Nf: Rk ® W ® V -+ Y is complemented by the projection

P: Rk ® W ® V -* Rk ® W along V. Hence, (a) follows from the pseudo
4-properness of A + N, while (b) follows from Theorem 1.3. Part (c) follows

from Theorem 2.2.   □

The above arguments combined with the arguments of the proof of Theorem
6 in [Mi-2] show that if S = (I - Q)N has a sub(linear) growth (i.e. there are

constants a > 0, B > 0, and y e [0, 1 ] with /7<J < c if y = 1, such that
\\S(X, x)|| < a + B\\(X, x)\\r for all (X, x) e Rk x X), then condition (7) in
Theorem 2.3 can be relaxed to

(10) For some fo e Yo there are constants M > 0 and TC > 0 such that for
each ||xi|| <r,r>K, and each p > rp(r) for some p(r) > M

QN(pz + pyxx)^tfo   for zedB(0, 1) nZ, t e [0, 1].

Remark 2.1. When k = 0, i(A) > 0, and TV is continuous compact and
uniformly bounded (i.e., ||7V|| < C for all x), the solvability of 4x+7Vx = 0 in
Theorem 2.3 was given in Nirenberg [Ni-1] (cf. also [Cr]). When k = i(A) = 0,

Theorem 2.3 was obtained by the author [Mi-2, 4]. For other special cases, see

[Mi-6].
The next resonance conditions proved to be useful in studying the solvability

of (3) with i(A) = 0 [N, F, Fi, Ma-2, Pe-2, Mi-2, 3, 4] and we shall now show
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their usefulness in the present situation. Define a continuous bilinear form

[•,•]: Y x Z -* 7? such that y £Y if and only if [y, z] = 0 for each z £ Z . As
in Mawhin [Ma-2], if <f>\, ... , 4>„ is a basis for Z , then the linear map 7: lo -*

Z given by 7yo = Y![[yo, <j>i]<t>i is an isomorphism, [7~Vi > <f>j] = Sij , the

Kronecker delta, and [J~lz, <t>i\ = c, for 1 < i < n, where z = £" c,-0i- If

(Y,(,)) is a Hilbert space and M: Z —> Yq a linear isomorphism, then we

can define [y, z] = (y, Mz).
Let To € To be fixed and consider the following conditions.
(11) N: Rk x X —> Y is asymptotically zero (i.e.,

\\N(X,x)\\/\\(X,x)\\-*0   as||0l,x)||->oo)

and either (i) liminf[Nv„, z] < [fo, z], or (ii) limsup[TVv„, z] > [f0, z]

whenever {v„} c V is such that ||v„|| -> oo and vn||v«||-1 -> z e Z .

(12) TV has a sublinear growth (i.e., for some a > 0, B >0, and y e (0, 1),

||7V(A, x)|| < a + B\\(X, x)\\7   for (X, x) e Rk x X)

and either (i)
liminf[TV(pnz„ + py„vn), z] < [f0, z],

or (ii)

limsup[TV(p„z„ + py„v„), z] > [f0, z]

whenever p„ —> oo, {v„} c X is bounded, and {z„} c Z is such that z„ —>

zedB(0, 1).
(13) TV has a sublinear growth and either (i) hminfT7Vu„, un] < [f0, z], or

(ii) limsup[7Vt;„ , u„] > [fo, z] whenever {vn} c V is such that \\PnVn\\ ̂ > oo,

||(7 - 7>)vn||/||P7;n||'' is bounded, and u„ = Pvn/\\Pvn\\ — zeZ, where P is a

linear projection of V onto Z .
(14) Suppose that X is a vector subspace of Y,[•,•]: V xY -* R is a pos-

itive bilinear form such that if {vn} c V and v„ —> v0, then liminfTv,,, Xo] >

[v0, xo] and Y = Z ®Y, where " ® " denotes orthogonal direct sum with re-
spect to [•, •]. Let TV have a linear growth, i.e, y = 1 in (12), and either
(i) liminf[7Vu„, u„] < [fo, z], or (ii) limsup[TVt;„ , un] > [fo, z] whenever

{v„}cV, |K||->oc,and limsup\\(I - P)vn\\/\\Pv„\\ < 0(c2 - B2)~x/2 , where
un = Pvnl\\Pvn\\ -* z e Z and c is the largest positive constant such that

c||x|| < ||4x|| for x e R(A) and B e(0,c).
(15) (Antipodes condition) For a given f0 e Y0 there exist constants M > 0,

K > 0, and p0 > 0 such that for each ||xi\\<r, r > K, z e dB(0, 1) n Z,
and p > rM + p0

QN(pz + xx) - fo ? pQN(-pz - xi) - pfo   for/t€[0, 1].

We shall also need that the scheme Ym for (7?fc x X, T) has the following

Property (P) [Mi-4] (i) T0 C Yn and Qn(A+C)x = (A+C)x for x e Vn, n > I,
where C: V -> T is linear and T7 = 4 + C: K -» T is bijective;

(ii) [G«y, ̂ ] = Lv, A for each y G Y, z e Z .
Various schemes having Property (P) have been discussed in [Mi-3, 4]. For

maps satisfying the above conditions we have

Theorem 2.4. Let A: X — Y and N:RkxX -> T with m = i(A) + k > 0, Ym
be as in Theorem 2.3, and either one of conditions (11)—(14) holds or (8) and

(15) hold for some foeY0. Let f e fo ® Y.
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(a) If A + tN is sectionally proper and A-proper w.r.t. Ym for t e [0, 1],

m > 0 and either one of conditions (11)—(14) holds, or if A + TV is A-proper
and (8) and (15) hold, then there is an unbounded connected closed subset K of

{(X, x)\Ax + N(X, x) = /} whose dimension is at least m at each point and
intersects W.

(b) If A + TV is pseudo A-proper w.r.t. Ym and m>0, then (2) is solvable if

either A\v is A-proper w.r.t. Ym having Property (P) and either one of conditions

(11)-(14) holds, or (8) and (15) hold.

Proof. Let fe f0+Y be fixed, Nf(X, x) = N(X, x)-f, C = ±J~XP: V - T0,

and 77(7, v) = Av + tCv + (1 - t)Nv for ( e [0, 1] and v e V = Z ® X.
Assume first that one of (11)—(14) holds. Arguing by contradiction as in [Mi-2]
and using Property (P) we find an 7? > 0 such that for each r > R there are y

and «o > 1 such that for n > n0

(16)        \\QnH(t,v)-(l-t)Qnf\\>y   forvedB(0,r)nV„,te[0,l].

Hence, deg(Qn(A + Nf)\V„, Vn, 0) # 0 for each n > n0. If 4 + TV is A-

proper, it follows as before that 4 + TV is complemented by the projection P
of Rm ® W ® V onto Rk ®W and so 4-essential. Thus, (a) follows from

Theorem 1.3. If 4 + TV is pseudo 4-proper, then by Proposition 3.1 in [FMP-

1] we get that deg(Qn(P, A + Nf), B(0, r) n V„, 0) ^ 0 for each n > nQ and
therefore there exists a vn e B(0, r) n Vn such that Q„Avn + Q„Nvn = Qnf ■

Hence, Av + Nv = / for some v by the pseudo 4-properness of 4 + TV.
Now, assume that (8) and (15) hold. Let f = fo + fi be fixed and 7?0 > K

such that \\Sv\\ < \S\ \\v\\x for each ||u||i > 7?o- Again, arguing by contradiction
[Mi-2], we find an R > Rq such that if, for some /(£ [0, 1], n > no, and
v eV„ with v = vq + vx, ||uo|| < rM + p0 and ||ui|| = r we have that

Q„(I - Q)(Av -Nv-f) = pQ„(I - Q)(-Av - N(-v) - f)

then r < R. For k > R, set D = {v = t>0 + Vi|wo e Z, \\vq\\ < kM+p0, \\vx\\ <
k} . Let 77: [0, 1] x D -^ Y be given by

77(r, v) = Av - 1/(1 + t)Nfv - t/(l + t)Nf(-v)

with Nfv = Nv- f. Then £>„77(r, v) / tQ„f for v e V„\D, te[0, 1], and
n > n0. We get that deg«2n(4 + Nf), DnVn,0) = deg(Q„Hx ,DnVn,0)?0
for each « > «o since 77i is an odd map. Hence, A + Nf is complemented

by the projection P: Rk ®W ®V -* Rk ®W if 4 + TV is 4-proper. Then the
conclusions of the theorem follow as for Theorem 2.3.   D

When k = i(A) = 0, variants of (12) were first used by Necas [N],
de Figueiredo [F], and Mawhin [Ma-2], while (11) and (13)—(14) were used
by Fitzpatrick [Fi] in his study of (3) involving condensing maps and are im-

provements of the earlier conditions of Necas [N], Fucik [Fu-1], and Fucik-
Kucera-Necas [FKN]. Still in this case, (11)—(12) and/or a variant of (13) were
used in the study of (3) in the 4-proper setting by the author [Mi-2-4] and
Petryshyn [Pe-2]. Theorem 2.4 extends some of the results of these authors

when k = i(A) = 0.
If S = (I - Q)N has a (sub)linear growth, i.e. satisfies the inequality in (12)

with S0 < c, if y = 1, then (15) in Theorem 2.4 can be relaxed to
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(17) For some To 6 To there are constants M > 0 and TC > 0 such that
for each ||xi || < r, r > K, each p > rp(r) for some p(r) > M, and z e
977(0, l)nZ

QN(pz + pyxx )-fo?pQN(-pz- pyxx )-pf0   for p e [0, 1 ].

Remark 2.2. Inequalities (15) and (17) are valid in particular if, for all such

p, z, xx, y, and p and some linear isomorphism 7: Z —> Y0* (with y = 0 in

case of (15))

(18) (QN(pz + pyxx) -fo- pQN(-pz - pyXi) + pfQ, Jz) # 0.
It is clear that (18) is implied by either one of the inequalities

(19) (QN(pz + pyxx),Jz)<(f0,Jz),or
(20) (QN(pz + pyxx),Jz)> (f0, Jz).
When i(A) = k = 0 and (19) or (20) hold, the theorem was proved by the

author [Mi-2] using the Leray-Schauder fixed point theorem in finite dimensions

(see also Jarusek-Necas [JN]). Still in this case, the approximation solvability
of (3) was proved in [Pe-2] under much stronger conditions on T7(r:, x), which

extends the earlier results of Mawhin [Ma-1] and Hetzer [H-l] when Y = X

and TV is 4-compact (condensing, respectively). The solvability of (3) with

i(A) = 0 and S sublinear and TV fc-set-contractive, k < 1, was proved by

Tarafdar [T] using different types of arguments.

Remark 2.3. Using the full force of Theorem 1.2 in [FMP-1], if we also know

that the projection P of W ® V onto W is proper, then in the results of this

section with m > 0 and A + N 4-proper we can also assert that P(C) = W for

the connected component of solutions of (3). This observation will be useful
for our applications in subsection C.

C. Applications to BVP's for differential equations. Let Qc Rn be an open

and bounded region with smooth boundary. For p e (1, oo) and some integers

k, m > 1, we denote by Wpm = Wpm(Q, Rk) the Sobolev space of Rk-valued

functions. In this section we shall illustrate how some of the abstract results
can be applied to the solvability of the BVP

^2 Aa(x)Dau(x) + F(x ,u,Du,..., Dmu) = 0   in Q,

(21) |o|<m

Bj(u) = 0   ondQ,        j = \,2,...,r.

Assume that the linear part is elliptic. We shall consider BVP (21) with sym-
metries as well as when the associated operator can be complemented.

(A) Let us look at BVP (21) with symmetries. Suppose that V = Rk is
an orthogonal real representation of a compact Lie group G, whose action is
{Ag\Ag = orthogonal real k x A>matrix, g e G}. Then Wpm(Q, V) has a

structure of a Banach G-space with the linear action of G on it being given
by (Tgu)(x) = Ag(u(x)),x e Q, g € G. We can identify Wpm(Q, V) with
a tensor product of Banach G-spaces Wpm(Q, R) <g> V, and the left factor is a
trivial G-space.

Suppose that for each |a| < m, Aa(x) are sufficiently smooth maps from
Q into Homn(V, V), the space of k x k real matrices, and the Bj's are
boundary operators on dQ of order less than m . Denote by sm the number

of different derivatives Da with |a| < m and s'm = sm - sm-X. Define X =
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Wp(Q, V; {Bj}) = {ue Wpm(Q, V)\ BjU = 0 on dQ for j = 1, ... , r} and
Y = LP(Q, V). Suppose that

(22) For each \a\ <m, the matrix-valued function Aa(x) is G-equivariant;

i.e., Aa(x)Ag = AgAa(x) for each x e Q, g e G.
(23) The boundary conditions {Bj(u) = 0} are G-equivariant; i.e., Bj(Agu)

= AgBj(u) for all g eG, j = I, ... , r.
(24) For each v e Wpm , the map u -* F(x, u, ... , Dm~xu, Dmv) is con-

tinuous from Wpm~x to Lp.

(25) For all x e Q,n e T?^"1, £, C' e Rs'»-, and some k > 0 sufficiently
small

\F(x,t],c)-F(x,v,c)\<k £ ic«-a
|a|=m

(26) The map TV: X -» Y, given by N(u)(x) = T^x, u(x), ... , Dmu(x)) is
G-equivariant; i.e., N(Tgu)(x) = TgN(u)(x) for all g e G.

Using the classical results (Nirenberg [Ni-1]), one shows that 4: X —> Y

defined by the linear part of (21), is a G-equivariant Fredholm map and its
G-index [ker 4] - [coker4] e RO+(G), the semiring of isomorphism classes of
real representations of G with direct sum and tensor product of representations
as addition and multiplication, respectively of G. Then, Theorem 1.10 implies

(see [Mi-6])

Theorem 2.5. Suppose that conditions (22)-(26) hold and indG(4) e RO+ + (G).
Then

(a) If V is such a representation that G satisfies condition (G), then BVP

(21) has a solution u e X with \\u\\ = r for each r > 0.
(b) If G = SX and Fix(S') = {0} in V, then for each r > 0 and Zr = {ue

X\u is a solution o/(21)}, the Fadell-Rabinowitz-index Indc(Zr) > ind4.

A special case of Theorem 2.5(a) is when F is odd, i.e., G = Z2. It extends

the results of Rabinowitz [R-2] with G = Z2 and Marzantowicz [M-l] when F

depends only on the derivatives up to order of m - 1, and the author [Mi-5].
In particular, let Q = I = [0, 1], V be as above, and Ck(V) he the space

of F-valued Ck -functions on I with the norm

||M|U = sup(||M(r)||2 + --- + ||MW(0||2)1/2.
7

If G acts on Ck(V) as above, then Au = u^m)(t): X = Cm(V) -> Y = C(V)

is a linear continuous G-equivariant epimorphism. Let W he a proper G-

invariant subspace of U, the direct sum of m copies of V. If i: Y -* Y =

W® Y is the G-equivariant inclusion, then 4 = iA: X —► Y is a G-equivariant
Fredholm map with index [V ® ■ ■■ ® V] - [W] e RO+(G). Let the G-boundary
conditions be given by a G-equivariant map B: X -* W. Suppose that F: I x

U -* V is continuous and G-equivariant and for all teI,neUQV,C,£'e
V, and a sufficiently small k > 0

|JF(*, if, 0 - ,F(*, ff, C)l < *IC - CI-

Then, under these assumptions, one shows that the conclusions of Theorem 2.5

hold in Cm(V) for the BVP (which extends a result in [M-l])

u^m)(t) = F(t, u(t),..., t£m\t)),        Bu = 0.
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Note that if V and V are two representations of G, of dimensions n and

ri, respectively, then a G-equivariant polynomial map F: V —> V is called
a (V, F')-invariant. Thus, the invariant theory, which describes and classifies
(V, F')-invariants, gives us examples of G-equivariant maps (see [We]).

(B) Let us now look at BVP (21) without symmetries when k = 1 and
p = 2. Suppose that Au = S2^<mAa(x)Dau is elliptic and of index m > 0

from X = W2m(Q,R;Bj) into Y = L2(Q, R), with Bj as before. As usual,

if X0 = ker4 and Y = R(A), then X = X0 e X and Y = Y0 ® Y with
dim Xo - dim Yq = m .

We now impose the following assumptions on F:
(27) F: Qx RSm —* R satisfies the Caratheodory conditions and there are

a, be L2(Q) and y e [0, 1] such that

\F(x, 01 < a(x) + b(x)\ti\y   forxeQAe Rs».

(28) There exists c > 0 such that ||4w|| > c||w|| for u e X and for x e

Q,n €**•-*, and CC'eTP*

\F(x,r,,0-F(x,t],C)\<cY^ IC, - CI-
\a\=m

(29) Suppose that F(x, {) = G(x, {) + T7(x, £) for x 6 Q, £, e Rs* and
(i) lim^ioo G(x, 5, n)/\s\y = g±(x) uniformly in rj e RSm~x,

(ii) there exist c, d e L2(Q) and e > 0 such that for yx < min{l, y}

\H(x, 0\ < ?i[c(x) + d(x)\Z\y>-°]   forxeQ,$eRs™,

(iii) there exists a subspace Z c X0, dimZ = dim To. and a linear bijection
J: Z -*Yq such that Ju = 0 a.e. on {x|x e Q, u(x) = 0} and

/    g+\u\yJ(u)dx -        g-\u\yJ(u)dx
Ju>0 Ju<0

±li\l    g-\u\yJ(u)dx- [    g+\u\yJ(u)dx
Uu>0 Ju<0

for uedB(0, l)nZ and p £ [0, 1].

Theorem 2.6. Under the above conditions on A and F there exists a connected

closed subset C in X of solutions of BVP (21) whose dimension at each point is
at least m and such that the projection of X onto Xq®Z = W maps C onto
W.

Proof. Define TV: X -► Y by Nu = F(x, u,Du, ... , D2mu). Then there are
constants a and b such that

||TVh|| < a + b\\u\\y   forueX

and 4 + TV: X —► Y is 4-proper with respect to a suitable scheme Y as shown

in [Mi-5]. Since it is continuous, it is proper on each bounded and closed set.
Hence, the conclusions of the theorem follow from Theorem 2.4 and Remarks

2.2-2.3 provided we can show that (18) holds; i.e., there are constants M >

0, TC > 0, and Po > 0 such that for each v e R(A) with ||u|| <r ,r > K, z e
977(0, l)nZ, p > rM + po, and pe [0, 1]

(N(pz + pyv) - pN(-pz - pyv) ,Jz)^0
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where ( , ) is the L2-inner product. This can be shown by arguing by contra-
diction and extending suitably the corresponding arguments in Tarafdar [T] for

the case i(A) = 0, y < 1, 77 = 0, and F = F(x, u).   □

When i(A) = 0,y<l,H = 0,F = F(x, u) the existence assertion of
Theorem 2.6 was obtained by Tarafdar [T]. For other resonance conditions
with i(A) > 0, see [FMP-1, Mi-5, NM].
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